Three problems on sequences defined recursively.
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1. Sequences.

1. Let ap,a1,a,,.. be the sequence defined by recurrence as

ap = 2,a1 = 3;
Apyy = Lo dnl +6a,,_1 forn > 1.

(i) Show that for all » > 2 we have a, = b,/6"" with b, = —1(mod6).

(ii) For each n > 0, set ¢, = 5a, + (—1)"4/3""!. Show that for all » > 0 we have
Ccp =222,

2. Letag,a1,a,,.. be the sequence defined by recurrence as

ap = 0,a1 = 1;
ans1 = Sa, —6a,1 forn > 1.

Show that
(i) (an,6) =1 foralln > 0;
(if) 5| a,ifn is even.

3. Letag,ai,az,.. be the sequence defined by recurrence as
a) = l,az = 2;

an+l = %an + dn1 forn > 2. '

(i) Show that a,.1 > a, foralln > 1;
(II) Show that a,.20 = 9a7,/4 — ar,—» for all n > 2.
Solution by Arkady Alt, San Jose ,California, USA.

1(i). Since characteristic equation 6x> —x — 1 = 0 have roots x; = 1/2,x, = —% then

a, = ci (%)n +c) (—%Y. Using initial conditions a¢ = 2,4, = 3 we obtain

22 . __12 _ 221N\ _12(_1\"_
¢ =0 5 and, therefore, a, S (2> 5 ( 3>
o (-3 e o,
Let p, = 113714+ (=1)"" .21 5 e N. First we will prove that p, is divisible by 5.
Indeed, since 11 = 1(mod5),3 = —2(mod5), then p, = ((-2)"" + (-1)""" - 2" ) (mod 5) =
(-2)"'(1 + 4)(mod5) = 0(mod5).Also, since p, = 1(mod2) and p, = 1(mod3) then

pn = 1(mod6).Thus, b, = ps” € Zand b, = 1(mod6) (because b, — 1 = 5(b, — 1)(mod6)

and 5(b,—1) = p,—5 = (p.— 1) + 6 is divisible by 6).

o "4 ane . pl -1)"4
1(ii). ¢ = Sa, + D"437 = L (11374 (1) 20) (321 _
11.3m1 (=)o D"4 11 D4 D"4 9
( 6n—1 + 6n—1 + 3n—1 - 2n—1 + 3n—1 + 3n—1 - 2” :

2(i). ged(ay,6) = ged(1,6) = 1 and ged(ans1,6) = ged(5a, — 6a,-1,6) =



ged((S5a, — 6a,-1) + 6a,-1,6) = ged(5a,,6) = ged(an, 6) since ged(5,6) = 1.

Hence, by Math Induction ged(a,,6) = 1 forany n > 1.

2(ii). Since a1 — 5a, + 6a,-1 = 0and a,2 — 5a, + 6a, = 0 then

Ans2 — Sap + 6a, +5(ans —S5a,+6a,-1) =0 = a2 —19a, +30a,.1 =0

and, therefore, a,.> = 19a,(mod5),n € NU {0}. Since ap = 0 and for any n € NU {0}
assuming az, = 0(mod 5) we obtain az,2 = 19a,,(mod5) = 0(mod5).

Thus, by Math Induction a,, = 0(mod5) for any n e NU {0}.

3(i) Since as = L.o41=2=0a,>a andfor any n > 2 assuming

2
anr1 > a, > a,) We obtain a, = %a,m +a, > %an +apl = Apia
then by Math Induction a,.; > a, foralln > 1.
3(ii) Since a1 — %an —apy =0, apo — %anﬂ —a, =0 and a, — %an,l —an2 =0
then a,,, - %anﬂ —a, + %(anﬂ - %an - an_1> =0 apm - %an - %an—l =0
and a, — %an — %an,l — (a,, — %an,l — an,2> =0 aun - %an +a,2=0,n>3.

Hence, aArpns) — %a2n + Arp-2 = Oan 2 2'



